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ABSTRACT: In this present paper we have shown that for mappings T, and T, on Hilbert space satisfying
rational condition (10), if the sequence of Ishikawa iterates converges, it converges to common fixed point of
mappings T and T,. Our purpose hereisto generalize theresult [9, 15].
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[.INTRODUCTION

In recent time there are various iteration methods are applied to fixed point problem of operators. Two general iterations
which have been applied are, Mann iteration scheme [7] and Ishikawa scheme [5]. The Mann iteration scheme was
introduced by W. Robert Mann [7] and applied to fixed point problems.

Let C be anonempty convex subset of normed space X. Let T :C — C be two mappings. The Mann iteration scheme
is defined by the sequence {Xn} asfollows:

x =x0C,

X, =@-b)x +b Tx , nON

where N denotes the set of al positive integer and {Xn} isasequencein[0,1].

Hicks and Kubicek [4], Rhoades [11,12], Singh [16,17] have been shown that for mapping T satisfying certain
contractive condition, if the sequence of the Mann iterates converges it convergesto afixed point of T.

The Ishikawa Scheme [5] was introduced by Shiro Ishikawa and it used to establish the strong convergence for a
Lipschitzian pseudo-contractive mapping of a compact convex subset E of Hilbert space X into itself.

In the Ishikawa Scheme {0}, {Bon} sttisfies 0y, < By <1 for dl n. limpB,y, =0asn - o
and Y aypPon = . Inthis paper we shall make assumptions that:
0] 0<a,,<f,,<1 fordln,

. - = >
(i) rlllm a, =a, 0.

(iii) rlllpl 'HZn ,6’0 1
Let X be a Banach space and let C be anonempty subset of X. Let Ty and T, : C - C be two mappings.
The iteration scheme, called |-scheme, is defined as follows:

%, UC (1
Yoo =PBonTiXon t(1=Bo)%,, N20 O
Xonsr = (1= @0) %00 + 30T Y2, N20 [0
Yo = BonsiT1Xona + (1= Bonia) Xonsas N2
n

X2n+2 = (1_ a2n+1)X2n+1 + a2n+1T2 y2n+1 !

e

0 O
..(3
OE (3
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Naimpally and Singh [8] , Kalinde and Rhoadeg[6] , Rhoades [13] , Sayyed and Badshah [15] shown that or a mapping T
or pair of mappings T; and T, satisfying a contractive condition,if the sequence of Ishikawa iterates converges,it

convergesto thefixed point of T or pair of mappings T, and To.
We know that Banach space is Hilbert space if and only if its norm satisfies the parallelogram law, i.e., for
every X,y X.

[+ v+ x =yl = 2x7 + 2]y} - (4)
which implies,
[x+ vl < 2" + 2]y} (5)

we often use this inequality throughout the result.
In 1974, S. Ishikawa [5] proved a certain sequence of points which is iteratively defined converges always to a fixed
point of a Lipschitzian pseudo-contractive mapping T:

Tx=Ty|<L|x-y| for x,y in EandL is positivenumber ...(6)

We prove the result concerning the existence of common fixed point of pairs of mappings satisfying the contractive

condition of the type
S L
[Tx-Toy| < mw—z dy-T.y
(1+x-vIF) 2

Theorem 1: Let X be a Hilbert space and let C be aclosed convex subset or X. Let T, and T, be two mappings satisfying

2 x-Txf
[Tix =Toy| < Da+ﬁ )Hly ()

|| -y
Wherea+,8<%.

If there exists a point X, such that the |- scheme for T; and T, defined by (2) and (3), convergesto a point u,
Xon — U, ||X2n+1 - in” — 0O.then uisacommon point of Tyand T .

Proof: It follows from (2) that Xop.1 = Xon = @on (To Yo = Xon ). Since X, — U, ||X2n+1—X2n|| - 0.

since {a,,} isbounded away from zero, [T, = Xoq| = 0 as N - oo.it followsthat [U=Ty,,[| - 0 as n - .
Since T, and T, satisfy (7) we have,
D

Xon — T1X
” 2n 2n|| )D”yzn 2y2n||2 (8)

(24 Pn = van

[l
[Tk =Tyl < T+
H
Now,
” Yon = Xon ”2 = ”ﬂznTlXZn + (1= Bon)Xon = Xon ”2
= ”:BZnTlXZn + Xon = BonXon ~ in”2
= ”:BZn (TyXon = in)”2
= ,anz ”(TlXZn ~T,¥on) + (T Yo, — in)”
< 2T = ToYou|* + 2| (ToYan = Xo0)| (9)

2
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and
” Yon = T2Yan ”2 = ”:BZnTlXZn + (1= fBon)%on _szzn”z
= ”:BZnTlXZn + (1_ ﬁZn)XZn - T2 y2n + ﬂZnTZ y2n - ﬂyZnTZ y2n||2
= ”:BZn (ToXon = To¥on) + (1= Bon) (X0 — T, y2n)||2
< 2% [TXon = ToYan| + 2= £on)? [Xon = To¥onl
< 2||T1X2n T, Yo ”2 + 2”in _T2y2n||2 ..(10)
From (9) and (10) , (8) can be written as:
SRR S Y R YA Y
T, Ty < A2 Tl + 2T}
R e e B
<2, T +200 Ty, =%l 28, %o +28/ Ty T |
<2(a+ﬁ)HTxm-TymH + 2+ )Ty %
e [T, —Tysf < 2( " ﬂ)HXm Tl

Taking limit as n— oo, we get ||T1X2n 2y2n|| — 0.1t follows that

[Xon = ToXea|” < 2y ~Toon| + 2T =T -0 @S M- 00
and [U=Tox < 2Ju =%, [ + 2], Ty 0 @8 o

From (7)
| )
Mo, T sCeeep— 2y
0 (s, q)g
Ho - 1XmH :
=@t 0%, +%, ~ T
(1+x,4°) 5
g, lxmu G o :
= u- 2%, ~Taf

(e, u)

[0 @] D0

o Dol e, T [P T, Tl
e éa ol T 4T, T}

Taking limit as n-» oo, we get (1—405)||T1)(2n —T2u||2 <01t foIIowsthat”TlXZn —T2u||2 -0
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Finally |u-Tul" =[u=-T, +Tx, ~Tu[
< 2Ju=Tyx,|* + 2T, ~ T - Oas n - o
Hence U =T,U.

Similarly we can prove thatU =Tu

Thus u is a unique common fixed point of T, and T,.This completes the proof.

Letting T, = T,= T in above theorem, we obtain the following

Corollary: Let X be a Hilbert space and C be a closed convex subset of X. Let T be a self mapping satisfying (7) .If
there exists a point X, such that the |- scheme for T defined by

Yo =BaT%nt(1-4)%, n20
X = (L)X +a Ty, , n20
convergesto apoint u, then u isfixed point of T.
Inthe Ishikawa Scheme { @} , { .} satisfies 0, <, <1 for al n.

Iim/}n:Oasn - o0 and zanﬁn:o

Assuming that
(i) O<a,,p,<1, fordln

(i) lim a =a>0,
(iii) lim g =p>1

Theorem 2: Let X be aHilbert space and let C be a closed convex subset or X. Let T; and T, be two mappings satisfying
for some positive integerssand t :

O s P O
Hfo-TJvHs%w””—lsnguy—yy\r .
0 [ ot)g

Where o + 3 < %
If there exists a point X, such that the |- scheme for T; and T, defined by (2) and (3), convergesto a point u,
Xon — U, ||X2n+1 - in” — 0O.then uisacommon point of Tyand T .

Proof: It follows from (2) that Xop.q = Xon = Qo (To Yon— Xon)-

since Yo = Uy [Xaney = Xen| = O.

Since {&t,,} is bounded away from zero, HTZt Yo = Xon|| - 0 as N — o,

It follows that u—thy2n - 0asn- o

Since T, and T, satisfy (7) we have,

2 0

[
> DHY2n =T, Yon
14 = ¥l 2

S
Xon = Ty Xon

2

(12)

s t
‘Tl Xon = T2 Yon

[
“<Hi+p
S
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2 _ s 2
Now ||y2n - X2n|| = ﬂZnTl Xon + (l_ﬂZn)XZn — Xon

2

- S

=1Bon T Xon + Xon = BonXon — Xon
. 2

= HﬂZn (T %o — XZn)H

L, 2

- ﬂZn

s, ot t, 2
(To%on =T Yon) (T3 Yon = Xon)

t 2 t 2
=T, Yol + ZH(Tz Yon = Xon) .-(13)
2 2
and ||Y,, _th Yonl = [Ben Tt Xon + (1= Bon) %an _th Yon
2
= ﬂZnTlsXZn + (1_ IBZn)XZn _th y2n + ﬂZnTZt y2n - IByZnTZt y2n
2
= Bon (T %o, _th Yon) + (1= Bon) (%o _th Yon)
2 s t 2 2 t 2
< 2B%n Ty Xon =Ty You|| +2(1= Bon) [ Xon = T2 Yon
G to |2
=T, Yon|| +2(%n =T, Yan ..(14)

From (13) and (14),(12) can be written as:

: ;
oot s L DRl] sl
Sl e
<2 T%, 1%, +2{ Ty, %] 286, T +28[ Ty T
<2 a+ﬁ H‘I*xm —TtymH2+2 o+ BTy, —xanz
e [T T < T

1- 2( +,3)
Taking limit asn- o, we get [[T°X,,, = 2y2nH ~ O.1t follows that
b <2+ T 0 s

2 P 2
and Hu —fo2nH < 2Ju=,| +2Hx2n —TZ‘yZnH -0 as n- o,
From (11)

[l

% -TMZSEXW

%, mHZ ]

(2, )
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[l . 2]
e T sl

0 ()

1 T : :

=[or+ - 02u—% +2%,-T,

0 () )

1 %) ) ) ;
=[o+p AU 4%, T AT, T,
P ] 4 4 4}

Taking limit asn— o, we get (1— 405)‘

Finally Hu —thuH2 = Hu —T°%, +T°%,, —TZ‘UH2

2
< 2Hu =T%,|| + 2‘

Hence U =T,'u.

Similarly we can prove that U = T,°u

%, T < Ottoliows that [T, ~T,uf” - 0

2
T°%,, —thuH ~0asn-ow

Thus u is a unique common fixed point of 'I'ls and th. Hence uis common fixed point of T, and T,
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